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Abstract—.

When the available CT projection data are incomplctc, there exists a null space in the
sp~ce of possible reconstructions about which the data provide no information. Determin-
istic CT reconstructions arc ~mput.ent in regard to this null space. Furthermore, it is
shown that consistency conditions based on projection moments do not provide the missinq
projections. When t.hc projection data consist of tiset of parallel projections that do not
encompass a complct.c 180” rotation, the null space crrrrcsponds ko x missing sector in the
Fourier transform of the original 2-D function. The lonq-ranqc streak artifacts created by
the missinq scctrr can bc rcducru by attunuatin(] thu Fourier transform of the reconstr,]ction
smoothly to zero at the sector bound~ry. It is shown that the Fou=icr transform of a re-
const.ructiu,l obtained under a mmximum entropy constraint is nearly zero in the missinq
sector. llcncc, maximum entropy dot-s not ovcrcom~, tllcbdsic lacri of information. It is sug-
gested Lhdt some porLian of the null spdcc. mi~,Jhtbc filled in by USLI of n priori knnwlcdgc
of the ty[)c of imaqc cxpectcd.
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InLroduct ion——. - ...._

~hC ~r(lbl(-hl Of CT WCOIIStrLICtlon fr~m a llMIIL1(I llllmhl??- of p!-(l]liCtl(JIIs th(l~ dLI II(>k L?rl-

Compass J cr-rrnr,l~.r.c! lH(J”’rntdti(]n continues to be ,ln iml)i)rtlntnnv. Thrrr arc a number of
app]icdtions in which only 1imiLcd an~Juldr d.ltll,lr~.,lv,liltlbl(,. Ex.~m[)lL,sin 2-D include
ydwd Iw,lrt stuclit!51Jnd suite-.lwc~str,lv(,ll 111(1(JIICWInVUyLJI.k] ts. ; In 3-1), limited dat.il
arise in scv(,n pinllolLlcmrncrd‘ ~n(l rolalinq Slallt-hc)ll.cO1 1lmdtor” studies in nuclear mcdi-
cill[,. Pr,lctic,llity ~]r Cxlx:-,scis iIsu,Illyth~~ l)llrll:ip,llrc;ison for l)nt~lnqn 1irnitcrlnumlm,r
of l)rojl.ctit]lls.Cent.r;iry to wh,lt :+LIv(.r.I1 autt]or:i h,lv{. ~t,lt(~d,m rv(luccd number of projl~c-
tions df)~.snot il~,ct.ss,lrilv reducL, pLIt-llllll (Ios(* sirrcr tlw dotl.~.l Jl)i 1 ity rrf ]osil)llsis rt.-
l.lturlto LIIL,tol,ll nurd)cr of Llt,ti,ct[,d~lu..nt,i~lltlht.nrl,Lllcr.los{..r’
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Becduse Lhe k.. span the measurement space, it is always possible to represent a
deterministic solution to Eq. 1 as

~(x,y) = ~ aihi(x,y) (3)
1

,7 for the purpost> of Ea-This is the same form introduced by Buonocorc, Brody and Mticovskl
militating faster reconstruction algorithms. fl It is important to realize that sGlutions
of the form of Eq. 3 do not admit ar,y contribution Erom the null space. It is noted that
ELI. 3 amounts to the backprojection process applied to al coefficients.
backprojectiony

Th~s the filtcrt~,l-
and ARTIO algorithms result in reconstruction of this form.

Substitution of Eq. 3 into Eq. 1 yields

pi = Z gijai
j

(4)

where

gij = Jf hi(~,y)hj(x,y)dx~y , (5)

is callocl the qrnmian cf the, response Functit)ns. Equ,ltion 4 m~y be writt~!n in matrix nfJt.l-
tiol; as

A.,~-!~ (7)
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The type of artifacts
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to be expected may be
phantom that was used

demonstrated
by Inouye. :5

by way of a
This image

simple tech-
was filtered

using a filter that is unity everywhere except In a 45” sector in which its value is zero,
Fig. 2a. The result, Fig. 3a, shows the artifacts that would result from a deterministic
reconstruction from a large number of parallel projections encompassing 13E” rotation. Two
effects are observed; a blurring in the direction perpendicular to the missing projection
directions, and a fan-shaped streak artifact emanating from these blurred regions that cov-
ers the sectcr of missing projections. These artiEacts have been observed many tirr~$ be-
fore.””~11,,]’,,:, The annoying sharp-edged nature of the streaks may be eliminated by modi-
fying the response of the filter so that it is smoothly tapered to zerm at the missing
sector boundary, Fiq. 313. This anodization also causes a slight increase in the blur al-
ready present in Fig. 3a. In Fig. 3C it is seen that the artifacts are greatly reduced if
the proper low-frequency components are included in the missing sector.

Consistency and other cmstraints——

We have seen that deterministic recon~tructions from projection with limited angular
covcragc leads to objectionable artifacts because of the lack of contribution from the null
SJ.JaCCSO ns to redUCe the artifacts in the reconstruction. We will consider a number of
possible approaches.

One sccrninqly powerful alproach to fillinq in missing views
,$

is the use of consistency
required of. the projections. Cor!slstcncy is normally based on the moments of tllc projec-
tions, the n’th moment of the j’ th projcctcd defincrl for parallel projections as

M; = z X?P.
iLj

11

M; =ff(X,; ) (X (YWj )
n

+ y .si,n., (Ix(ly
j

= ~ L,mncosn’-fi,ljninn,,j
m-o

(8)

(’3)
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To do this we look for the minimum of the Lagrangian

~c(f(x, y))dxdy - ~ ii lpi -~hi (x,y)f(x, y)dxdy]
i

Set! “nq the derivative of this with re~l
equa ens, JZq. 1. Nore tu the point, cl.

L-’(f) = ~ ‘,illi(x,;)
i

cct to ~,1 to ~cro simply yie ds Lhe medsuremcnt

ffcrcntiatloll with respect to f leads to

(11)

(12)

The imuortancc of this is Lhdt it fixes the form of the reconstruction. The !1 are to be
dctermlncd so that t.hcmeasllrcmcnt equations are satisfied. one p,~r+.icular choic(? for C(f)
is the norrtof f,’f:.. IL is immediately scum that Eq. 12 then becomes the same as Kq. 3.
The expansion of ~ In terms of the response functions is the minir,um norm solution: No
contribution from the null space is Eorthcominq.

Many other reasonable choices for C(f) nrc prissiblc. For example, because onc of the

ob]cction,lblc fc,lturc!; rrf the .nrtif,~cts in Fill. In arc the strraks, Lt mi(lht b(~ rcns(]n,lblc
to choose C(f) in such a way as to maximize the smoothness of the reconstruct.ior,. Thus

one Ml(Jht usc tht! norm of the qrmlir!nt of f,

(::.)’+(+)’ ,

or thLi I.il)l,lc]itn,

AnothL’r rhoi~-e th,lt.It-(wl!ito
tho m.lximum {!lltrol]ysol(ltion
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One type of a priori knowledge might be chat U,e image im a collection of ❑pecific
Bhapes. FOL example, we might know that the image is a superposition of circular discs,
as Fig. 1. Then the reconstruction could be expanded in terms of those ahapea and the vari-
able shape parameter and amplitude determined from the projection measuramanta. Figure 1
could ob~ioualy be exactly reconstructed from two noiaeleos projections (since all the
circles are of different taize). If the actual image does not conform to tne aammed expan-
aion, however, severe artifacts will be generated. These art.ifactawould be raduced if a
connection based upon the reaiduala between the projections of the fitted distribution and
the actual measurements were applied. Th:.sconnection reconstruction would clearly only
affect the maasurment space contribution to the fitted distribution.

Another type of a priori knowledge might be that the reconstruction ia a sample from a
well-defined ensemble of imaqsE, Reconstruction could then be baaed u on optimization of
an ensemble statiatic, for example, maximum a posteriori probability.mY Alter~atively, a
finite Karhuncn-Locvc expanmian ~‘ could be performed as the first step uf the procedure out-
lincclin the preceding paragraph. These approaches might wrk well in nituationa where the
imaqes can bc typified by a small number of parameters, e.g., seven pinhole imagea of the
heart, 1 but would be difficult to apply to complex images, e.g., x-ray CT scans of the head.

A priori knowledge may exist about the permissible range of values for the function
f(x,y) , ?he positiviky constraint, f(x,y) 2 0 is well knwn, but its usefulness in medical
applications is doubtful. An interesting variaticn ifiwhen f(x,y) isIknown to have a qivcn
region OF support, i.e., f[x,y) = O outside of a given region. In such a case, it has been
shown that a modified Gerchbcrq-Papouli~ alyorithm can significantly redume the artifEiCtS
crcatcclby n limited ranqc OF viewiny angles. 1“-:‘-”” This technique definitely produces a
contribution from the null space and hence is worth pursuinq. It has yet to be shown hw
w(!llthe tcchniclueworks in rralist.icsituaticms where the mcasuruncnts arc subject to noise,
and the region of support ia larqe. Furthcrmnrc, the artifacta crcatcd by t!~cassumption
that f(x,y) is zero wncre it may actually not lIC,need to bc explored

Arknnwlcdqmunt#,..—- ------

Th~*author Wknowlodqlmflmany fruitful disicuseionswith ~;rrirqcWrcksunq, who has holpcd
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(a)

Figure 2. Display of the 2-D

(b)

filters used to show the effect

(c)

of CT reconstruction from
parallel projections over a 135’ ~nqul.nr rdnqe. Black cmrrcsponcls to a filter
value of unity: white to zero. In (a) the l~iltcr drops abr~.ptlv to zero at
the missi.nq sector boundary, whereas in (b) it is tapered to zero over a 15’
wiclc sector. A small contribution in the missing sector at low frcquencios is
included in (c) .
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Figure 4. Reconstruction of Lhc phantom from 20 equally
spaced pi.rallcl projections cf~.:,:rinfl180 Usin[l
a maximum crltr(j[~y dlqc]rit.l,rn MI:::;.
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